Abstract. In this paper, we obtain some sufficient conditions for a 3-dimensional compact trans-Sasakian manifold of type (α, β) to be homothetic to a Sasakian manifold. A differential equation satisfied by certain special vector fields is derived and a characterization for cosymplectic manifolds is obtained in terms of this differential equation.
Introduction
Let (M, φ, ξ, η, g) be a (2n + 1)-dimensional almost contact metric manifold (cf. [1] ). Then the product M = M × R has natural almost complex structure J with the product metric G being almost Hermitian metric. The geometry of the almost Hermitian manifold (M , J, G) dictates the geometry of the almost contact metric manifold (M, φ, ξ, η, g) and gives different structures on M like Sasakian structure, quasi-Sasakian structure, Kenmotsu structure and others (cf. [1] , [2] , [7] ). It is known that there are sixteen different types of structures on the almost Hermitian manifold (M , J, G) (cf. [5] ) and using the structure in the class W 4 on (M , J, G) a structure (φ, ξ, η, g, α, β) on M called trans-Sasakian structure is introduced (cf. [11] ) which generalizes Sasakian structure, Kenmotsu structure on a contact metric manifold (cf. [2] , [9] ), where α, β are smooth functions defined on M .
Since, the introduction of trans-Sasakian manifold, very important contributions of Blair and Oubiña [2] , Marrero [9] have appeared studying the geometry of trans-Sasakian manifolds. In general a trans-Sasakian manifold (M, φ, ξ, η, g, α, β) is called a trans-Sasakain manifold of type (α, β) and trans-Sasakian manifolds of type (0, 0), (α, 0) and (0, β) are called cosymplectic, α-Sasakian and β-Kenmotsu manifolds respectively.
Marrero [9] has shown that a trans-Sasakian manifold of dimension ≥ 5 is either a cosymplectic manifold or a α-Sasakian manifold or a β-Kenmotsu manifold and since then there is a concentration on studying the geometry of 3-dimensional trans-Sasakian manifolds only, using some restrictions on the smooth functions α, β appearing in the definition of transSasakian manifold. There are several examples of trans-Sasakian manifolds constructed mostly on 3-dimensional non-compact simply connected Riemannian manifold (cf. [2] , [9] ). Recall that a trans-Sasakian manifold of type (α, β) is said to be proper if neither of the functions α or β is zero. As the result of Marrero has classified trans-Sasakian manifolds in dimension ≥ 5 and has shown that there are no proper trans-Sasakian manifold in these dimensions, one naturally raises the question: "under what conditions a 3-dimensional trans-Sasakian manifold is not proper?" In particular as the geometry of Sasakian manifold is quite rich one would be interested in finding the conditions under which a 3-dimensional trans-Sasakian manifold is homothetic to a Sasakian manifold.
In this paper, we answer this question and obtain two different sufficient conditions for a trans-Sasakian manifold to be homothetic to a Sasakian manifold using smooth functions α and β and a bound on the sectional curvatures of the plane section containing the Reeb vector field of the structure as well as that the Reeb vector field is an eigen vector of the Laplacian operator acting on smooth vector fields (cf. Theorems 3.1, 3.2). We also show that a Killing vector field on a Riemannian manifold as well as the potential vector field of the Ricci soliton (cf. [3] ) satisfy a differential equation, and we use this differential equation to prove that a compact 3-dimensional trans-Sasakian manifold whose Reeb vector field satisfies this differential equation is a cosymplectic manifold (cf. Theorem 4.2).
Preliminaries
Let (M, φ, ξ, η, g) be a (2n + 1)-dimensional contact metric manifold, where φ is a (1, 1)-tensor field, ξ a unit vector field and η smooth 1-form dual to ξ with respect to the Riemannian metric g satisfying
, where X(M ) being the Lie algebra of smooth vector fields on M (cf. [1] ). If there are smooth functions α, β on an almost contact metric manifold (M, φ, ξ, η, g) satisfying
then it is said to be a trans-Sasakian manifold, where
and ∇ is the Levi Civita connection with respect to the metric g (cf. [2] , [8] , [11] ). We shall denote the trans-Sasakian manifold by (M, φ, ξ, η, g, α, β) and it is called trans-Sasakian manifold of type (α, β). From equations (2.1) and (2.2), it follows that
It is clear that a trans-Sasakian manifold of type (1, 0) is a Sasakian manifold (cf. [1] ) and a trans-Sasakian manifold of type (0, 1) is Kenmotsu manifold (cf. [7] ). A trans-Sasakian manifold of type (0, 0) is called a cosymplectic manifold (cf. [6] ). Let Ric be the Ricci tensor of a Riemannian manifold (M, g). Then the Ricci operator Q is a symmetric tensor field of type (1, 1) defined by Recall that on an n-dimensional Riemannian manifold (M, g) the Laplacian operator ∆ acting on smooth vector fields is defined by 
Now, choosing X = Y = e i for a local orthonormal frame {e 1 , e 2 , e 3 } in the above equation and taking sum we get the result. Next, we state the following result of [10] , which we shall use in our subsequent work.
Theorem 2.1 ([10]). Let (M, g) be a Riemannian manifold. If M admits a Killing vector field ξ of constant length satisfying
for a nonzero constant k and any vector fields X and Y , then M is homothetic to a Sasakian manifold.
Sufficient conditions for M to be homothetic to a Sasakian manifold
Recall that the Reeb vector field ξ on a (2n + 1)-dimensional Sasakian manifold satisfies ∆ξ = −2nξ, that is ξ is an eigenvector of the Laplacian ∆ and that the sectional curvature of the plane sections containing ξ are positive. We use these two important properties of a Sasakian manifold and prove that if these properties individually hold on a 3-dimensional compact trans-Sasakian manifold, then the trans-Sasakian manifold is homothetic to a Sasakian manifold and as a by-product, we get that there does not exist a positively curved compact 3-dimensional cosymplectic manifold. Proof. Suppose ξ is eigenvector of ∆ corresponding to eigenvalue λ. Then Lemma 2.3 gives λξ = φ (∇α) − ∇β + 2(α 2 + β 2 )ξ + g(∇β, ξ)ξ and on taking the inner product with ξ, we arrive at
Inserting this value of λ, in the above equation, we get φ (∇α) − ∇β = −ξ(β)ξ, that is, φ (φ (∇α) − ∇β) = 0, which on using Lemma 2.1, gives
Also, the equation (3.1) gives ξ(α 2 +β 2 ) = 0, which on using Lemma 2.1, we get β ( ξ(β) − 2α 2 ) = 0 and consequently on connected M , we have either (i) β = 0 or (ii) ξ(β) = 2α 2 . Now, if the case (i) occurs, then by equation (3.2), we get α is a constant and that it is nonzero constant follows from equation ( 
3.1) as λ is nonzero. Then by equation (2.3) with this data implies that ξ is Killing vector field and again the equations (2.2) and (2.3) give
and which by theorem 2.1 proves that M is homothetic to a Sasakian manifold. If the case (ii) occurs, then using equation (2.3), we have divξ = 2β and consequently div(βξ) = 2(α 2 +β 2 ), which by Stokes' theorem will imply both α = β = 0. Thus in this case by equation (3.1) we get λ = 0 which is a contradiction and thus case (ii) is not possible. The converse is trivial.
Theorem 3.2. Let (M, φ, ξ, η, g, α, β) be a 3-dimensional compact and connected trans-Sasakian manifold. If the sectional curvatures K of the plane section containing
Proof. Using equations (2.1), (2.2) and (2.3) and Lemma 2.1, by a straight forward computation, we compute
Note that the operator R(., ξ)ξ : X(M ) → X(M ) is symmetric and therefore we can find a local unit vector field e such that R(e, ξ)ξ = f e, where f is a smooth function and by hypothesis this smooth function satisfies
Thus using equation (3.3) we arrive at
(e)ξ).
Taking the inner product with ξ in the equation above we get f η(e) = 0, which together with the fact that f > 0, we get η(e) = 0. Thus the equation (3.5) gives
Now, we use equation (3.6) and divξ = 2β to compute div(βξ) = −f + (α 2 + β 2 ) and integrating we get
which together with the hypothesis implies f = α 2 + β 2 and consequently the equation (3.6) takes the form
We claim that β must be a constant. If β is not a constant, then on compact M it has local maximum at some p ∈ M and we have (∇β) (p) = 0 and the Hessian H β is negative definite at this point. However, using equation Hence, β is a constant and this together with Stokes' theorem applied to div(ξ) = 2β proves that β = 0. Then by Lemma 2.1 we have ξ(α) = 0 and consequently, the Hessian H α (ξ, ξ) = 0 and by the similar argument as above, we get that α is a constant. The constant α has to be nonzero constant by equation (3.4) and that it satisfies the equation in theorem 2.1. Hence M is homothetic to Sasakian manifold.
Remark 3.1.
Recall that a trans-Sasakian manifold is said to be cosymplectic manifold if both α = β = 0. Note that in the derivation of the integral (3.7), we only use the condition that f > 0 and consequently we have the following nonexistence result. 
A differential equation on a Riemannian manifold
In this section, we show that there is a common differential equation shared by a Killing vector field on a Riemannian manifold as well as the potential vector field of a Ricci soliton. Recall that a smooth vector field ξ on a Riemannian manifold (M, g) is said to be Killing if
where £ ξ g is the Lie derivative of the Riemannian metric g. On a Riemannian manifold (M, g) a smooth vector field ξ is said to define Ricci soliton if
where λ is a constant. We denote the Ricci soliton by (M, g, ξ, λ) and call the vector field ξ the potential field of the Ricci soliton (cf. [3] ). Let η be the 1-form dual to ξ. Define a skew symmetric tensor field ψ on the Ricci soliton by g(ψX, Y ) =
which together with equation (4.2) gives the covariant derivative of the potential field ξ as
where Q is the Ricci operator defined by g(QX, Y ) = Ric(X, Y ), X, Y ∈ X(M ). Similarly for a Killing vector field ξ on a Riemannian manifold (M, g), we have
where ψ is the skew-symmetric tensor field that satisfies
and γ being 1-form dual to ξ. Now, we prove the following: Proof. First suppose ξ is a Killing vector field on an n-dimensional Riemannian manifold (M, g). Then using equation (4.4), we immediately compute the Laplacian of ξ as
Similarly using the equation (4.4), we compute
taking trace in this equation and noting that ψ is skew-symmetric we arrive at
, which together with equation (4.5) proves the result for Killing vector field. Now let (M, g, ξ, λ) be an n-dimensional Ricci soliton with potential field ξ. Then the equation (4.3) gives
where we used ∑ n i=1 (∇Q)(e i , e i ) = 1 2 ∇S, ∇S being the gradient of the scalar curvature S of the Ricci soliton. Also using equation (4.3), we compute
and which together with the symmetry of Q and skew-symmetry of ψ gives
and consequently
Combining this equation with the equation (4.6), we get the result for the potential field ξ.
Remark 4.1. It can be shown that a conformal vector field on an ndimensional Riemannian manifold satisfies the differential equation in theorem 3.1, provided n = 2. Moreover, the converse of above theorem is not true for instance the position vector field of the Euclidean space (R n , ⟨, ⟩) satisfies above differential equation and it is not Killing.
Note that on a Sasakian manifold the Reeb vector field ξ is Killing (cf. [1] ) and therefore satisfies above differential equation. We seek to apply this differential equation to the vector field ξ of the trans-Sasakian manifold and observe its outcome and the outcome is the following characterization of 3-dimensional cosymplectic manifolds. ξ(β) = 2α 2 .
Note that using equation (2.3), we get div(ξ) = 2β and consequently we have on using equation (3.7) that div(βξ) = 2(α 2 + β 2 ). Integrating above equation over compact M , we get that α = β = 0, that is M is a cosymplectic manifold (cf. [2] ). Converse is trivial using Lemmas 2.2 and 2.3.
